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Abstract
The system with one floating rectangular body on the free surface and one submerged rectangular
body has been applied to a wave energy conversion device in water of finite depth. The radiation
problem by this device on a plane incident wave is solved by the use of an eigenfunction expansion
method, and a new analytical expression for the radiation velocity potential is obtained. The wave
excitation force is calculated via the known incident wave potential and the radiation potential with
a theorem of Haskind employed. To verify the correctness of this method, an example is computed
respectively through the bound element method and analytical method. Results show that two
numerical methods. are in good agreement, which shows that the present method is applicable.
In addition, the trends of hydrodynamic coefficients and wave force are analyzed under different
conditions by use of the present analytical method.
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1 Introduction

A dual rectangular structure is composed of a
floating buoy on the free surface and a submerged
buoy joined by an elastic pipe. In order to simplify
the solution of this problem, the wave energy device
is generally considered as cylinder buoy or rectangu-
lar buoy. In this paper, it is considered as rectangular
buoy, and then the wave force is computed and the law
of different external condition influence on the hydro-
dynamics coefficients is analyzed. This model can be
applicable to much practical engineering. One typical
case is the cage fish farming or other precious aquatic
product of sea-farming, in which the device can be sim-
ply considered as a rectangular buoy. However, more
significative application is to wave energy conversion
device. The energy of wave power comes from the hy-
draulic pump system, which generate power depending
on the wave force accumulated by the elastic pipe.

At present, there are much research achievements
about rectangular buoy movement in water of con-
stant depth of an infinite domain or semi-infinite do-

main. The research methods mainly have two main
aspects: one is analytical method, and the other is
numerical method. The former are employed in some
investigations as follows: Black et al. (1971) applied
the Schwingers variational formulation to the radiation
of surface waves due to small oscillations of horizon-
tal rectangular structures. Radiated wave amplitudes
and wave forces were computed. Drimer et al. (1992)
presented a simplified analytical model for a floating
rectangular breakwater in water of finite depth. The
hydrodynamic coefficients, exciting forces, and reflec-
tion and transmission coefficients are computed. Lee
(1995) presented an analytical solution to the heave
radiation problem of a rectangular structure. With an
application of this solution, the incident waves, added
mass, damping coefficients were calculated, and the
hydrodynamic effects of the submergence and width of
the structure were also discussed. Zheng et al. (2005)
researched the interaction of a submerged rectangular
buoy with incident linear waves on finite water depth
and attained the solution of radiated potential and
diffracted potential. The application of the latter is as
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follows: Hsu and Wu (1997) applied the linear wa-
ter wave theory and the Boundary Element Method
(BEM) to the hydrodynamic coefficient for an oscil-
lating rectangular structure on a free surface with
sidewall, and the influence factors on damping coef-
ficient have been found. Hsu and Wu (1999) again
applied the boundary element method to the scatter-
ing of water wave by a submerged horizontal plate and
a submerged permeable breakwater. Sannasiraj et al.
(1995) used the finite element technique to study the
interaction of oblique waves with freely floating long
structures. Then Sannasiraj et al. (1998) adopted a
two-dimensional finite element model to study the be-
havior of pontoon-type floating breakwaters in beam
waves, and Sannasiraj et al. (2000) again used the fi-
nite element method to study the diffraction-radiation
of multiple floating structures in directional waves.

In this paper, the hydrodynamic coefficients and
wave excitation force by a dual rectangular floating
body have been studied by use of analytical method,
which is composed of a floating rectangular body and a
submerged rectangular body. Heave, sway and roll of
floating body movement are discussed here. An eigen-
function expansion method is employed to study radi-
ation problem of this dual rectangular wave device and
expressions of wave excitation force and hydrodynamic
coefficients are deduced. The wave exciting force ob-
tained by the BEM method is adopted to verify the
correctness of this analytical method. The influences
of submerged depth of floating body on hydrodynamic
coefficients are also given.

2 Mathematical model

Let a dual rectangular body wave energy device
exist in an incompressible, inviscid and irrotational
fluid. The device consists of two rectangular cylinders
connected by an elastic pipe, which have the same size
and shape in the vertical direction. Here the floating
one on the free surface is called buoy 1 and the sub-
merged one is called buoy 2. The origin of the co-
ordinate system is at the undisturbed water surface
with the positive z pointing upwardly and the posi-
tive x directing to the right. The structure is assumed
infinite in the y direction, so the problem considered
here is two dimensional and the motion modes only
include heave, sway and roll. The geometrical shape
of the structure and the Cartesian coordinate system
are shown in Fig. 1. As time t can be able to separate
from the mathematic equations, there exists a veloc-

ity potential Φ satisfying the Laplace equation. The
two-dimensional governing equation for Φ is

∂2Φ
∂x2

+
∂2Φ
∂z2

= 0. (1)

For linear water waves considered here, it is cus-
tomary to make the following decomposition.

Φ = Φi + Φd +
3∑

L=1

Φ(J,L)
r , (2)

where Φi is the incident wave potential; Φd is the
diffracted potential; ΦJ,L

r is the radiated potential due
to the motion of the floating body. Here L=1 stands
for the heave, 2 for sway and 3 for roll. J=1, 2 rep-
resents buoy 1 and buoy 2 respectively. In water of fi-
nite depth, the incident wave potential of linear waves
propagating along the x direction is

Φi = − igA

ω

cosh[k(z + h1)]
cosh(kh1)

exp(ikx), (3)

where i=
√−1; A is the incident wave amplitude; ω is

the wave angular frequency; g is the gravitational ac-
celeration; k is the wavenumber which is determined
by the dispersion relation ktanh(kh1) = ω2/g and h1

is the water depth.

Fig.1. Schematic of the geometry.

3 Solution to the radiated potentials

3.1 Governing equation and boundary condi-

tions

Let the movement of the rectangular buoy be
small and the amplitude of the buoy motion be de-
noted by A

(J,L)
r . The radiated potential Φ(J,L)

r by the
body motion can be expressed as

Φ(J,L)
r = −iωA(J,L)

r ϕ(J,L)
r (x, z). (4)
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Substituting Φ(J,L)
r into Eq.(1), the following gov-

erning equations can be obtained.

∂2ϕ
(J,L)
r

∂x2
+

∂2ϕ
(J,L)
r

∂z2
= 0. (5)

In order to obtain the unique solution of Eq. (5),
the following governing equations and the boundary
conditions must be satisfied.

∂ϕ
(J,L)
r

∂z
− ω2

g
ϕ(J,L)

r = 0 (z = 0, |x| � a), (6)

∂ϕ
(J,L)
r

∂z
= 0 (z = −h1), (7)

∂ϕ
(J,L)
r

∂z
= δJ,1[δ1,L − (x − x0)δ3,L]

(z = −d1, |x| � a), (8)

∂ϕ
(J,L)
r

∂x
= δJ,1[δ2,L − (z − z0)δ3,L]

(−d1 � z � 0, x = ±a), (9)

∂ϕ
(J,L)
r

∂z
= δJ,2[δ1,L − (x − x0)δ3,L]

(z = −e1, |x| � a), (10)

∂ϕ
(J,L)
r

∂z
= δJ,2[δ1,L − (x − x0)δ3,L]

(z = −e2, |x| � a), (11)

∂ϕ
(J,L)
r

∂x
= δJ,2[δ2,L + (z − z0)δ3,L]

(−e2 � z � −e1, x = ±a), (12)

ϕ(J,L)
r is outgoing at finite value when|x| →∝ . (13)

Note that the coordinates (x0, z0) are assumed the
center of rotation in Eqs (8) and (9), δ is a function
introduced to express the boundary conditions simply
and given by

δJ,L =

{
0 J �= L,

1 J = L.

Here the eigenfunction expansion matching
method is used to solve potentials of two models. At
first the fluid domain is divided into four subdomains
which are I, II, III and IV as indicated in Fig. 1. The
radiated potentials in four subdomains are denoted
by ϕ

(J,L)
r1 , ϕ

(J,L)
r2 , ϕ

(J,L)
r3 and ϕ

(J,L)
r4 respectively. The

method of separation of variables is applied to each
subdomain in order to obtain the expressions of un-
known radiated potentials. The obtained expressions
in each subdomains are infinite series of orthogonal
functions. They satisfy all boundary conditions but
the joints of subdomain boundaries, i.e. x = a and

x = −a. The unknown coefficients in the series can
be obtained by use of the continuity of pressure and
velocity at these joints.

3.2 Expressions of the radiated potentials

Using the method of separation of variables, the
space velocity potentials in each region can be ex-
pressed respectively by infinite series of orthogonal
functions. In region I, the radiated potentials can be
expressed as follows:

ϕ
(J,L)
r1 =

∝∑

n=1

A
(J,L)
1n cos[λn(z + h1)]e−λn(x−a). (14)

In region II, the radiated potentials which satisfy
Eqs (1), (5) and (8) can be expressed as follows:

ϕ
(J,L)
r2 = ϕ

(J,L)
r2P + A

(J,L)
21 x + B

(J,L)
21 +

∝∑

n=2

[A(J,L)
2n eαn(x+a) + B

(J,L)
2n e−αn(x−a)] ×

cos[αn(z + e1)], (15)

where ϕ
(J,L)
r2P are particular solutions expressed as

ϕ
(J,L)
r2P =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(z+e1)
2−x2

2h2
δJ,1 − (z+d1)

2−x2

2h2
δJ,2 L = 1,

0 L = 2,

− (z+e1)
2(x−x0)−(x−x0)

3/3
2h2

δJ,1+
(z+d1)

2(x−x0)−(x−x0)
3/3

2h2
δJ,2 L = 3.

(16)

In region III, the radiated potentials can be ex-
pressed as follows:

ϕ
(J,L)
r3 = ϕ

(J,L)
r3P + A

(J,L)
31 x + B

(J,L)
31 +

∝∑

n=2

[A(J,L)
3n eβn(x+a) + B

(J,L)
3n e−βn(x−a)] ×

cos[βn(z + h1)] (17)

ϕ
(J,L)
r3P =

⎧
⎪⎨

⎪⎩

(z+h1)
2−x2

2h2
δJ,2 L = 1,

0 L = 2,

− (z+h1)
2(x−x0)−(x−x0)

3/3
2h3

δJ,2 L = 3.

In region IV, the radiated potentials can be ex-
pressed as follows:

ϕ
(J,L)
r4 =

∝∑

n=1

A
(J,L)
4n cos[λn(z + h1)]eλn(x+a), (18)

where J=1 stands for buoy 1, and 2 for buoy 2. L al-
ways changes from 1 to 3. L=1 stands for heave, 2 for
sway and 3 for roll. A

(J,L)
1n , A

(J,L)
2n , A

(J,L)
3n , A

(J,L)
4n , B

(J,L)
2n
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and B
(J,L)
4n are the unknown coefficients which need to

be solved; λb, βn and αn are some eigenvalues given by

λ1 = −ik, ktanh(kh1) = ω2/g n = 1, (19)

λntan(λnh1) = −ω2/g n = 2, 3, · · · (20)

αn = (n − 1)π/h2, βn = (n − 1)π/h3

n = 1, 2, 3, · · · ,∝ . (21)

For the solution of these unknown coefficients
above, the continuity of pressure and normal velocity
at x = ±a and the eigenfunction expansion matching
method are imposed on these different motion modes
of each buoy. The continuity conditions are integrated
in the considerate interval after they multiply by the
corresponding eigenfunction on both sides, so that
these conditions can be satisfied in the z direction.
For simplifying the computation, the first N terms of
the infinite series are intercepted, so 6N complex equa-
tions and the same number of unknown coefficients are
obtained. These equations can be expressed as matrix
equations.

SXr = F (J,L)
r (22)

where

Xr = [A(J,L)
11 , · · · , A

(J,L)
1n , A

(J,L)
21 , · · · , A

(J,L)
2n ,

A
(J,L)
31 , · · · , A

(J,L)
31 , · · · , A

(J,L)
3n , A

(J,L)
41 , · · · ,

A
(J,L)
4n , B

(J,L)
21 , · · · , B

(J,L)
2n , B

(J,L)
31 , · · · , B

(J,L)
31 ,

· · · , B
(J,L)
3n ]T ;

S is the radiated coefficient matrix; F
(J,L)
r is the right-

hand vectors; the expressions for the elements S and
F

(J,L)
r are illustrated in appendix A.

The linear equations are solved and the vector Xr

can be given. So the radiated potential at any position
in the fluid can be computed and the wave forces can
be calculated.

4 Computation of the wave force and hydrod-
ynamic coefficients

4.1 Computation of wave excitation force

The wave exciting forces result from the incident
potential Φi and diffracted potential Φd.The relation
of the fluid dynamic pressure to the velocity poten-
tial can be obtained from the Bernoulli equation. The
dynamic pressure is integrated along the submerged
surface of floating body and the wave exciting force
of buoy J in direction K is F j

kt = F j
k e−iωt. In the

frequency domain, this force can be expressed as

F j
k = ρiω

∫

Sj

(Φi + Φd)nkds. (23)

With an application of the Greens second identity,
the Eq. (23) can also be written as

F j
k = ρiω

∫

Sj

Φinkds − ρiω
∫

S0

ϕ(k)
r

∂Φi

∂n
ds, (24)

where SJ(J=1,2) is the submerged surface of float-
ing body; and S0 is all of the fluid boundary; nk is
the generalized normal vector outward the fluid with
n1 = nz, n2 = nx and n3 = (z − z0)nx − (x − x0)nz,
nx and nz are the components of unit normal vector
inward the floating body. The computation methods
given by Eqs (23) and (24) are respectively called ap-
proach 1 and approach 2. The analytical solution of
radiated potentials is an emphasis here, so the wave
exciting force is solved through the approach 2.

4.2 Computation of radiation force

The radiation force due to the body’s motion can
be calculated by the following expression:

F (I,K)
r = ρiω

∫

SI

3∑

L=1

2∑

J=1

Φ(J,L)
r e−iωtnKds =

e−iωt
3∑

L=1

2∑

J=1

[ω2A(J,L)
r Ca

(J,L)
(I,K) + iωA(J,L)

r Cd
(J,L)
(I,K)],

where Ca
(J,L)
(I,K) and Cd

(J,L)
(I,K) represent the added mass

and damping coefficient of buoy I in direction K due
to the motion mode L of buoy J .

Ca
(J,L)
(I,K) = ρ

∫

SI

Re(ϕ(J,L)
r )nKds = Re[ρf

(J,L)
(I,K)],

Cd
(J,L)
(I,K) = ρω

∫

SI

Im(ϕ(J,L)
r )nKds = Im(ρωf

(J,L)
(I,K)),

where f
(J,L)
(I,K) =

∫
SI

(ϕ(J,L)
r )nKds (L = 1, 2, 3).

5 Results and discussions

5.1 Verification of the present method

To verify the correctness of the computational
method in this paper, here a specific example is
presented. Its geometrical parameters are d1/h1 =
0.1, a/h1 = 0.2, h2/h1 = 0.1, d2/d1 = 2. The bound-
ary element method and the eigenfunction expansion
matching method are applied to this example respec-
tively. Their results agree very well presented in Fig.2.
The wave exciting forces of dual rectangular floating
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body are computed by use of the analytical method.
The variation of wave exciting force and hydrodynamic
coefficients including the added mass and damping co-
efficients are studied for different conditions. In this
computation, the first 40 terms in the infinite series
of the radiated potential is taken and the wave force
computed by use of boundary element method for the
same condition, where every computation domain is
divided by 100 even units in a wavelength. W0 = 2ρga

and W1 = 2ρga2 are dimensionless modules of wave
exciting forces, M0 = 2ρgad1 and M1 = 2ρgad2

are dimensionless added mass and damping coeffi-
cients. Ca(J, L) and Cd(J, L) stand for the dimen-
sionless added mass Ca

(J,L)
(I,K)/M0 and damping coef-

ficients Cd
(J,L)
(I,K)/M1 respectively when the motion of

buoy J is the mode L. Here only the case of (I =
J,K = L) is studied, namely Ca(J, L)=Ca

(J,L)
(J,L)/M0

and Cd(J, L)=Cd
(J,L)
(J,L)/M1. Coordinates x0, z0 are the

reference point of roll torque and is let be the origin
(0,0) and the dimensionless kh1 is to multiply wave
number by water depth.

Fig.2. Comparison of the dimensionless wave forces (— analytical method; • BEM).

5.2 Study on the hydrodynamic coefficients

5.2.1 A case of changing of the draft depth d1 of

buoy 1
The variations of wave exciting forces and hydro-

dynamic coefficients are shown in Fig. 3 for the case
in which the draft depth of buoy 1 are changed and
the submerged depth of buoy 2 is not changed. It can
be seen that there is almost no influence on the wave
forces of buoy 1 and buoy 2 for the changed structure
ratio d1/h1 when wave frequency is very small or very
large. For the heave of buoy 1 or buoy 2, the larger
the ratio of the draft to water depth is, the smaller the
values of wave exciting forces and damping coefficients
are and the larger the added mass is. For their sway,
the larger the ration d1/h1 is, the larger the value of
wave forces is. When the buoy 1 and 2 roll, variations
of the added mass and damping coefficient are com-

plex very much, but they only change remarkably in
some specific range of frequency and almost unchanged
when the wave frequency is very small or large.
5.2.2 A case of changing of the water depth h2 of

submerged buoy 2
Figure 4 shows the results in the case of changing

of the water depth h2 of submerged buoy 2. When
the ratio of h2/h1 increases, the wave exciting force of
buoy 1 almost no changes, but the wave exciting force
of buoy 2 decreases, whose variation is large in some
specific frequency range and very little in the other
lower or higher frequency range. For the heave of buoy
1, with the growth of the ratio of h2/h1, the added
mass deceases, but damping coefficient changes very
slightly. For the sway of buoy, the added mass and
damping coefficient are basically not affected by the
submerged water depth of buoy 2. With the growth of
the submerged depth h2 of buoy 2, influence of surface
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Fig.3. Comparison of the dimensionless wave forces, added mass, damping coefficient.

Fig.4. Comparison of the dimensionless wave forces, added mass, damping coefficient.
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wave on this buoy will decrease. So the correspond-
ing added mass and damping coefficient change with
the variation of h2. In a desirable range of frequencies
the larger submerged water depth h2 is, the bigger the
added mass is and the smaller damping coefficient is.
But there is almost no change for these parameters at
a higher or lower frequency.

6 Conclusions

The hydrodynamic response of wave energy de-
vice with dual rectangular floating bodies is stud-
ied. The eigenfunction expansion method is employed
to study radiation problem of this device. Analyti-
cal expressions of wave excitation force and hydrody-
namic coefficients are deduced by use of this analytical
method. This method is verified by the BEM method.
For the heave, sway and roll of floating bodies, the
influences of their submerged depth on hydrodynamic
coefficients are also discussed. It can be concluded as
follows:

(1) The analytical model of radiation by a dual
rectangular floating body is applicable.

(2) The variation of submerged water depth of the
top floating body has a greater influence on wave ex-
citing forces, added mass, damping coefficients of the
system.

(3) The variation of submerged water depth of
the bottom floating body almost has no influence on
wave exciting forces for the top floating body and its
sway, but a great influence on added mass, damping
coefficients for the bottom floating body.
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Appendix A. Expressions for S and FR

(1) Expressions for the elements in matrix S

Si,j = −λiN(λi) (A1)

Si,N+j =

{
−F (λi, αj) j = 1
−αje2αjaF (λi, αj) j = 2, 3, · · · (A2)

Si,2N+j =

{
−E(λi, βj) j = 1
−βje2βjaE(λi, βj) j = 2, 3, · · · (A3)

Si,4N+j =

{
0 j = 1
αjF (λi, αj) j = 2, 3, · · · (A4)

Si,5N+j =

{
0 j = 1
βjE(λi, βj) j = 2, 3, · · · (A5)

SN+i,N+j =

{
−F (λi, αj) j = 1
−αjF (λi, αj) j = 2, 3, · · · (A6)

SN+i,2N+j =

{
−E(λi, αj) j = 1
−βjE(λi, βj) j = 2, 3, · · · (A7)

SN+i,3N+i = λiN(λi) (A8)

SN+i,4N+j =

{
0 j = 1
αje2αjaF (λi, αj) j = 2, 3, · · · (A9)

SN+i,5N+j =

{
0 j = 1
βje2βjaE(λi, βj) j = 2, 3, · · · (A10)

S2N+i,j = F (λj , αi) (A11)

S2N+i,N+i =

⎧
⎨

⎩
−h2a i = 1

−h2

2
e2αia i = 2, 3, · · · (A12)

S2N+i,4N+i =

⎧
⎨

⎩
−h2 i = 1

−h2

2
i = 2, 3, · · · (A13)
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S3N+i,j = E(λj , βi) (A14)

S3N+i,2N+i =

⎧
⎨

⎩
−h3a i = 1

−h3

2
e2βia i = 2, 3, · · · (A15)

S3N+i,5N+i =

⎧
⎨

⎩
−h3 i = 1

−h3

2
i = 2, 3, · · · (A16)

S4N+i,N+i =

⎧
⎨

⎩
−h2a i = 1

−h2

2
i = 2, 3, · · · (A17)

S4N+i,3N+j = F (λj , αi) (A18)

S4N+i,N+i =

⎧
⎨

⎩
−h2 i = 1

−h2

2
e2αia i = 2, 3, · · · (A19)

S5N+i,2N+i =

⎧
⎨

⎩
−h3a i = 1

−h3

2
i = 2, 3, · · · (A20)

S5N+i,3N+j = E(λj , βi) (A21)

S5N+i,5N+i =

⎧
⎨

⎩
−h3 i = 1

−h3

2
e2βia i = 2, 3, · · · (A22)

where : N(λi) =

⎧
⎪⎨

⎪⎩

h1

2
+

sinh(2kh1)
4k

i = 1
h1

2
+

sin(2λih1)
4λi

i = 2, 3, · · ·
(A23)

E(λi, βj) =

⎧
⎪⎪⎨

⎪⎪⎩

(−1)j−1ksinh(kh3)
k2 + β2

j

i = 1

(−1)j−1λisin(λih3)
λ2

i − β2
j

i = 2, 3, · · ·
(A24)

F (λi, αj) =

⎧
⎪⎪⎨

⎪⎪⎩

k
(−1)j−1sinh[k(h1 − d1)] − sinh[k(h1 − e1)]

k2 + α2
j

i = 1

λi
(−1)j−1sin[λi(h1 − d1)] − sin[λi(h1 − e1)]

λ2
i − α2

j

i = 2, 3, · · ·
(A25)

(2) Expressions for the elements in matrix F
(J,L)
R

F
(J,L)
r,i = P

(J,L)
1i (A26)
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P
(J,1)
1i =

∫ −d1

−e1

a

h2
[−δJ,1 + δJ,2]cos[λi(z + h1)]dz +

∫ −e2

−h1

−a

h3
− δJ,2cos[λi(z + h1)]dz

P
(J,2)
1i =

∫ 0

−d1

δJ,1cos[λi(z + h1)]dz +
∫ −e1

−e2

δJ,2cos[λi(z + h1)]dz

P
(J,3)
1i =

∫ 0

−d1

δJ,1(z − z0)cos[λi(z + h1)]dz +
∫ −e1

−e2

δJ,2(z − z0)cos[λi(z + h1)]dz

F
(J,L)
R,N+i = P

(J,L)
2i (A27)

P
(J,1)
2i = −P

(J,1)
1i

P
(J,2)
2i = P

(J,2)
1i

P
(J,3)
2i =

∫ 0

−d1

δJ,1(z − z0)δ3,Lcos[λi(z + h1)]dz +
∫ −e1

−e2

δJ,2[(z − z0)δ3,L]cos[λi(z + h1)]dz

F
(J,L)
R,2N+i = P

(J,L)
3i (A28)

P
(J,1)
3i =

∫ −d1

−e1

[
(z + e1)2 − a2

2h2
δJ,1 − (z + d1)2 − a2

2h2
δJ,2]cos[αi(z + e1)]dz

P
(J,2)
3i = 0

P
(J,3)
3i =

∫ −d1

−e1

[− (z + e1)2(a − x0) − (a − x0)3/3
2h2

δJ,1+

(z + d1)2(a − x0) − (a − x0)3/3
2h2

δJ,2]cos[αi(z + e1)]dz

F
(J,L)
R,3N+i = P

(J,L)
4i (A29)

P
(J,1)
4i =

∫ −e2

−h1

(z + h1)2 − a2

2h3
δJ,2cos[βi(z + h1)]dz

P
(J,2)
4i = 0

P
(J,3)
4i = −

∫ −e2

−h1

(z + h1)2(a − x0) − (a − x0)3/3
2h3

δJ,2cos[βi(z + h1)]dz

F
(J,L)
R,4N+i = P

(J,L)
5i (A30)

P
(J,1)
5i = P

(J,1)
3i

P
(J,2)
5i = P

(J,2)
3i

P
(J,3)
5i = −

∫ −d1

−e1

[
−(z + e1)2(a + x0) + (a + x0)3/3

2h2
δJ,1−

−(z + d1)2(a + x0) + (a + x0)3/3
2h2

δJ,2]cos[αi(z + e1)]

F
(J,L)
R,5N+i = P

(J,L)
6i (A31)
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